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Abstract 

A new construction of linear continuous right inverses for the asymptotic Borel map is provided in the 
framework of general Carleman ultraholomorphic classes in narrow sectors. Such operators were already 
obtained by V. Thilliez by means of Whitney extension results for non quasianalytic ultradifferentiable 
classes, due to J. Chaumat and A. M. Chollet, but our approach is completely different, resting on 
the introduction of a suitable truncated Laplace-type transform. This technique is better suited for a 
generalization of these results to the several variables setting. Moreover, it closely resembles the classical 
procedure in the case of Gevrey classes, so indicating the way for the introduction of a concept of 
summability which generalizes k— summability theory as developed by J. P. Ramis. 
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1 Introduction 

For sectors S of suitably small opening and vertex at 0, the Borel- Ritt-Gevrey theorem proved 
by J. P. Ramis (see [24|. I25| . ITH] . [U Thm. 2.2.1]) guarantees the existence of holomorphic functions 
on S having an arbitrarily prescribed Gevrey asymptotic expansion of order a at 0. This amounts 
to the surjectivity of the asymptotic Borel map, sending a function to its series of asymptotic 
expansion, when considered between the corresponding spaces of Gevrey functions, respectively 
Gevrey series. The proof is constructive, and basically consists in applying a truncated Laplace 
transform to the formal Borel transform of the initially given Gevrey series. 

For functions / holomorphic on a polysector S C C n with vertex at 0, H. Majima |14[ [To] 
put forward the concept of strong asymptotic developability, which has been shown [9J [7] to 
amount to the boundedness of the derivatives of / on bounded proper subpolysectors of 5, just 
as in the one-variable situation. The asymptotic behaviour of / is determined by the family 
TA(/) (see Section [5|), consisting of functions obtained as limits of the derivatives of / when 
some of its variables tend to (in the same way as the coefficients of the series of asymptotic 
expansion in the one- variable case). 

In 1989 Y. Haraoka [8] considered the space of holomorphic functions / in a polysector S that 
admit Gevrey strong asymptotic expansion of order a = (aq, . . . , a n ) € [1, oo) n (one order per 
variable), and got two partial Borel- Ritt-Gevrey type results in this context again by applying 
a (multidimensional) truncated Laplace transform. 

Subsequently, in the one-variable setting V. Thilliez \27\ Theorem 1.3] obtained a linear con- 
tinuous version of this result by constructing extension operators (linear continuous right inverses 
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for the Borel map) from Banach spaces of Gevrey series into Banach spaces of functions whose 
derivatives admit Gevrey-like bounds uniformly on all of S (so that they admit Gevrey asymp- 
totic expansion at 0). His proof rests on Whitney type extension results for ultradifferentiable 
classes by J. Chaumat and A. M. Chollet [5]. 

The third author of the present work re-proved in [26] Thilliez's result in an elementary 
way by a careful study of Ramis' argument. The solution so obtained, in integral form, is 
valid for vector, Banach space- valued functions, and it is also amenable to the determination 
of its behaviour in case this Banach space consists precisely of Gevrey functions. Since these 
Banach spaces verify an exponential-law isomorphism, one may apply a recurrent argument 
on the number of variables to obtain extension operators in several variables which generalize 
Thilliez's result and provide linear continuous versions of the first interpolation result proven by 
Haraoka [U Theorem 1.(1)] and a right inverse for the map / h-> TA(/). 

The next step in these developments was again taken by V. Thilliez in [28] , where he broad- 
ens the scope of the preceding one-dimensional results on considering general ultraholomorphic 
classes in sectors. Specifically, given A > 0, a sequence of positive real numbers M = {M p ) p ^ 
and a sector S with vertex at in the Riemann surface of the logarithm, 1Z, Am,a(S) consists 
of the complex holomorphic functions / defined in S such that 

\D p f(z)\ . 

M ,A,S ■= SUp — < OO. 

peNojZeS APplMp 

The ultraholomorphic Carleman class Am(S) is defined as Ua>qAm,a(S). 

Accordingly, Ajvt,a(No) is the set of the sequences of complex numbers A = (A p ) pe N such 
that 

|A|aM := sup J A f| < oo, 
peN APp\M p 

and A M (N ) := Ua>oAm,a(No). (Am,a( s )A\ ' \\m,a,s) and (A m ,a(N ), | • \m,a) are Banach 
spaces, and, as the derivatives of the elements in Am,a(S) are Lipschitzian, we may define the 
(linear and continuous) asymptotic Borel map B : Am,a{S) — > Ajvf,A(No) given by 

B(f) := (/ (p) (0)) peN() e C N », /W(0) := Km /«(*). 

Gevrey classes of order a > 1 in a sector S correspond to the sequence M a = (pl a ~ 1 ) p ^ . For 
strongly regular sequences M (see Subsection 12. 4p . among which we find the sequences M a , 
the construction of Thilliez's operators in the next theorem is based on a double application of 
suitable Whitney's extension results for Whitney ultradifferentiable jets on compact sets with 
Lipschitz boundary, given by J. Chaumat and A. M. Chollet in [6], and on a solution of a 
9-problem. 

Theorem 1.1 ([28], Thm. 3.2.1). Let M = (M p ) p ^ be a strongly regular sequence with asso- 
ciated growth index y(M). Let us consider 7 € R with < 7 < j(M), and let S~ be a sector 
with opening 771". Then there exists d > 1, that only depends on M and 7, so that for every 
A > there exists a linear continuous operator 

Tm,A,i '■ Am,a(No) > AM,dA(S~,) 

such that B o Tjvr.A/yA = A for every A G Am,a(No). 

For Gevrey classes, j(M a ) = a — 1, so that the condition in the theorem tells that the 
opening of the sector should be less than (a — l)7r for the extension to exist, what agrees with 
the classical Borel-Ritt-Gevrey statement. 
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This result has been extended to functions of several variables by the first and third au- 
thors [T3] by applying a recursive technique similar to that in but resting on this new 
construction of Thilliez, what makes it difficult to determine the behaviour of the derivatives of 
the solution of the one dimensional problem when it takes its values in a Banach space of the 
type Am,a(S). As indicated above, this information is crucial in the process providing a right 
inverse for the map TA in this context. 

With these preliminaries, the main aim in the present work is to obtain a new proof of The- 
orem [1J] which no longer depends on Whitney-type extension results, but rather makes use of 
a suitable truncated integral, Laplace-like operator, in the same vein as Ramis' original proof. 
The kernel in this integral operator will be given in terms of a flat function obtained by V. 
Thilliez |28t Thm. 2.3.1], playing a similar role as that played by the exponential exp(— l/z l l a ) 
in the Gevrey case of order a. Indeed, in the authors' opinion the absence of an elementary 
function governing null asymptotics in this general case was the reason for the use, up to this 
moment, of results belonging to the ultradifferentiable setting when solving interpolation prob- 
lems in non-Gevrey ultraholomorphic classes. As stated before, this new approach is better 
suited for the generalization to the several variables setting, and moreover, it provides some in- 
sight when searching for a summability tool in general ultraholomorphic classes which resembles 
k— summability, specifically designed for the Gevrey case and which has proved itself extremely 
useful in the reconstruction of analytic solutions of linear and nonlinear (systems of) mero- 
morphic ordinary differential equations at irregular singular points, departing from their formal 
power series solutions (see [2] and the references therein). We include in the last section some 
hints in this direction, where we will make use of quasi-analyticity properties in these classes 
which have been characterized (see |12| ) in terms of Watson's type lemmas. It should also be 
indicated that the construction of the formal and analytic transforms incorporated into this 
new technique is inspired by the study of general summability methods, equivalent in a sense to 
k— summability, developed by W. Balser in [2J Section 5.5] and which have already found its ap- 
plication to the analysis of formal power series solutions of different classes of partial differential 
equations and so-called moment-partial differential equations (see the works of W. Balser and 
Y. Yoshino [3j, the second author [161 Ql] and S. Michalik [191 EH EH [22] , among others). Also, 
some results on summability for non-Gevrey classes, associated to strongly regular sequences, 
have been provided for difference equations by G. K. Immink in [11], whereas V. Thilliez has 
obtained some results on solutions within these general classes for algebraic equations in [29j . 
We hope our summability theory is able to shed some light on some of these problems or on 
similar ones. 

2 Preliminaries 

2.1 Notation 

We set N := {1, 2, ...}, No := N U {0}. 1Z stands for the Riemann surface of the logarithm, and 
C[[z]] is the space of formal power series in z with complex coefficients. 
For 7 > 0, we consider unbounded sectors 




or, in general, bounded or unbounded sectors 



S(d, a, r 




z\ < r} 
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with bisecting direction del, opening a tt and (in the first case) radius r £ (0, oo). 

A sectorial region G(d,a) will be a domain in 7Z such that G(d,a) C S(d,a), and for every 

/3 £ (0,a) there exists p = p(/3) > with S(d,f3,p) C G(d,a). 

D(zQ,r) stands for the disk centered at zq with radius r > 0. 

For n £ N, we put A/* = {l,2,...,rt}. If J is a nonempty subset of Af, #J denotes its cardinal 
number. 

A polysector is a product of sectors, S = YYj=i &j c The polysector \Yj = \ ^(dj,9j,pj) (with 
possibly equal to oo) will be denoted by 5 = S(d,6,p), with the obvious meaning for d, 6 
and p. In case pj = +oo for j £ A/", we write S = S(d,6). 

We say a polysector T = 11^=1 T(d'j,Qp Pj) is a bounded proper subpolysector of S = S(d, 0, p), 
and we write T S 1 , if for j £ Af we have p^- < pj (so that p'j < +oo) and 

(1) [d'j - e'j/2, d'j + d'j/2] C (dj - %/2, dj + %/2). 

Finally, we say T = 11^=1 T(dj,9j) is an unbounded proper subpolysector of S = S(d, 6), and we 
write T -< S 1 , if for j E Af we have ([T|). Given z £ 7£ n , we write zj for the restriction of z to J, 
regarding z as an element of ' . 

Let J and L be nonempty disjoint subsets of Af. For zj £ 7£ J and z^ £ fa 1 ', (zj,zi) represents 
the element of TZ J satisfying (zj,zjf)j = zj, (zj,zl)l = zl; we also write J' = Af\J, and for 
j £ Af we use f instead of {j}'. In particular, we shall use these conventions for multi-indices. 
For 9 = ... , 6 n ) £ (0, oof, we write S e = ELLi and S 0J = U je j S e, C K J . 
If z = (zi,z 2 , . . . ,z n ) £ 7£ n , a = (a 1 ,a 2 , . . . ,a n ), /3 = (Pi, fa, ■ ■■,Pn) £ Nq, we define: 

|oc | = ai + «2 + • • • + a n, Ot\ = Oti\ot2\ • • • Ct n \, 

n a _ JF_ _ _ . _ (n j ) n\ 

U ~ dz<* ~ dz^dz^...dz%™ ' e J - l u i • • • > 1, • • • ,Uj. 

For J £ Ng, we will frequently write j = \J\. 



2.2 Asymptotic expansions 



Given A > 0, a sequence of positive real numbers M = (M p ) p€ fq and a sector S, for every / in 
the class Am,a(S) one may put 

/ (p) (0) : = lim /( p )(z)€C 
zes,z— >o 

for every p £ No- Then, / admits the formal power series ^ p gn hj (®) zP as its uniform 
asymptotic expansion at 0, in the following sense. 

Definition 2.1. Let M = (M p ) pg N be a sequence of positive real numbers and let / be a 
holomorphic function in a sector S with vertex at the origin. We say / admits the formal power 



series / = 



a n z' 



:0 "v 



£ C[[z]] as its uniform M — asymptotic expansion in S of type A > (when 



the variable tends to 0) if there exists C > such that for every A £ N, one has 



(2) 



N-l 

f(z) - ^ a,*? 

p=0 



< CA N M N , z£S. 



We will write / ~m X^=o a p zP (uniformly in S and with type ^4). 
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Remark 2.2. Conversely, and as a consequence of Cauchy's integral formula for the deriva- 
tives, one can prove that whenever T is a proper subsector of S, there exists a constant 
c = c(T,S) > such that the restriction to T, fx, of functions / defined on S and admitting 
uniform M— asymptotic expansion in S of type A > 0, belongs to Am,ca(T), and moreover, if 
one has ([2]) then ||/t||m,cA,t < C. 

Remark 2.3. For sectorial regions G, / ~m X^Lo a p zP m G means that / ~m Yl^Lo a p zP 
uniformly in every sector S such that S \ {0} C G. 



2.3 Strongly regular sequences 

The information in this subsection is taken from the work of V. Thilliez [28], which we refer to 
for further details and proofs. In what follows, M = (M p ) pg N will always stand for a sequence 
of positive real numbers, and we will always assume that Mq = 1. 

Definition 2.4. We say M is strongly regular if the following hold: 

(«o) M is logarithmically convex: M p < M p _iM p+ i for every p €N. 
(p) M is of moderate growth: there exists A > such that 

M p+e <AP +i M p M e , 

(71) M satisfies the strong non-quasianalyticity condition: there exists B > such that 

v ^ Mo M v 

For a strongly regular sequence iW = (M p ) p ^ , it is direct to check from properties («o) 
and (71) that m = (m p := M p+ i/M p ) p ^ is an increasing sequence to infinity, so that the map 
Km '■ [0, 00) — ► M, defined by 

h M it) ■= mf M p ^, h M (0) = 

pGN 

turns out to be a non-decreasing continuous map in [0, 00), and its range is the set [0, 1]. In fact 



h M {t) 



t p M p if t G 



mp 1 m p —i 

1 ift>l/m . 



Some properties of strongly regular sequences needed in the present work are the following. 

Lemma 2.5. Lei iVf = (M p ) pg N 5e a strongly regular sequence and A > i/ie constant appear- 
ing in (/i). Then, 

(3) M p+£ > M p M £ , /or every p, ^ £ N , 

(4) m p < A 2 M p /p , for every p € No, 

(5) M p /p < m p , for every p £ No- 
Let s be a real number with s > 1. There exists p(s) > 1 (only depending on s and M) such 
that 

(6) h M (t) < (h M (p(s)t)) s fort>0. 
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Definition 2.6. Let M = (M p ) pg N be a strongly regular sequence, 7 > 0. We say M satisfies 
property (P 7 ) if there exist a sequence of real numbers m' = (m' ) p gN an d a constant a > 1 
such that: (i) a~ 1 m p < m p < am p , p G N, and (ii) l) _7 m p ) pgNo is increasing. 

The growth index of iW is 

7(M) := sup{ 7 e K : (P 7 ) is fulfilled}. 

For any strongly regular sequence M one has j(M) £ (0, 00). For the Gevrey sequence of 
order a > given by M a = (p\ a ) p ^ , we have 7(-^^"a) — ^* 

Finally we describe the properties of a function that will be crucial in the construction of a 
kernel for our Laplace-type operator. 

Proposition 2.7 (|28|. Thm. 2.3.1 and Lemma 2.3.2). Suppose M = (M p ) p ^ is a strongly 
regular sequence and 8 £ M. with < 5 < j(M). There exists a holomorphic function Gm 
defined in S$ such that for every w G S$ one has: 

(i) k\hM{k2\w\) < \Gm(w)\ < hM{k^,\w\), where k\, k2 and k^ are positive constants that 
only depend on M and 5. 

(ii) For every p € No, \G^(w)\ < b\p\M p hM{b2\w\) , b\ and 62 being positive constants that 
only depend on M and 5. In particular, we deduce that Gm G -A.m{S&) and it is flat, i.e., 
Gm ~m uniformly in Ss- 

(Hi) For every p £ No, \(1/Gm) < b^b^plMpQiMib^w^)^ , where 63, 64 and 65 are 

positive constants that only depend on M and 5. 

Remark 2.8. Let < 5 < ~f(M). The function Gm is defined as follows. Take 5± and s with 
5 < 81 < 7(M) and s8i < 1 < s-y(M). Then 

(7) G M (z)=exp(~J log {h M °{\t\)) ^ _ J - ^-^ \ , z E S Sl , 

with M s := (Mp) p gN , which turns out to be a strongly regular sequence too. The restriction 
of Gm to Sg is the function in Proposition 12.71 

3 Moment sequence associated to M 

This section is devoted to the construction of a moment function cm, associated to a strongly 
regular sequence M, which in turn will provide us with a sequence of moments m = (rn(p)) p ^ 
equivalent, in the sense of the following definition, to M. 

Definition 3.1 (see [23J, |6j). Two sequences M = (M p ) pe ^ and M' = (M') p£ ^ of positive 
real numbers are said to be equivalent if there exist positive constants L, H such that 

L p M p <M' p < H p M p , p G N . 

We note that, given a sector S and a pair of equivalent sequences M and M', the spaces 
•Am{S) and Am'(S) coincide. 

Let M = (Mp) pg N be a strongly regular sequence with growth index 'y(M). We take 
< 8 < 7(M) and define &m ■ Ss C by 

(8) ejf(z) := zG M (l/z), z £ Ss, 
where Gm is defined in Subsection 12.31 
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Remark 3.2. There is some freedom in the choice of eM- Firstly, the factor z may be changed 
into any z a for some positive real number a (so that the assertion (i) in the next lemma holds 
true), where the principal branch of the power is considered. Our choice tries to make the 
following computations simpler. Secondly, as indicated in Remark 12. 8\ there are some constants 
Si and s to be fixed in the construction of Gm- 

Lemma 3.3. The function eM satisfies the following assertions: 

(i) eM is well defined in S$ and is such that z~ 1 cm( z ) is integrable at the origin, it is to say, 
for any to > and r € M. with |r| < 4^ the integral J *° t~ 1 \eM{te tT )\dt is finite. 

(ii) There exist C,K > (not depending on 5) such that 

(9) \e M (z)\<Ch M (^-) , zeS s . 



(Hi) For x € R, x > 0, the values of &m{ x ) are positive real. 

Proof Let to > and r € R with \t\ < From Proposition 12.71 there exists k$ > such that 

*° |eM(fetr) u < r h M (k 3 /t)dt. 

* Jo 

We conclude the convergence of the last integral from the fact that /im(s) = 1 when s > 
and its continuity in [0, oo). The first part of the result is achieved. 
For the second, we have 

\zm{z)\ = \z\\G M (l/z)\ < \z\hM(h/\z\), 

for every z G S$, so (ii) holds for \z\ < M for any fixed M > 0. If \z\ > M, we apply (0) for 
s = 2 and the very definition of hM to get 

ie„ W i < i< ft «(^)) 2 < | 2 | Am( ^)m 2( ^) 2 < emMi hM{ ^ } . 

Finally, if x > 0, then ejvr(^) = xGm{^/%)- From ([7]) we have 

1 f°° . „ it -x s (it 



G M (l/aO = exp ^ 1 y°° log (fcjv(|*|)) 



ztx s - 1 1 + t 2 



It is immediate to check that the imaginary part of the expression inside the previous integral 
is odd with respect to t, so that the corresponding integral is and Gjvf(l/i) is positive and 
real for x > 0. □ 

The role that Eulerian Gamma function played for Gevrey sequences will now be played by 
the following auxiliary function. 

Definition 3.4. We define the moment function associated to M as 

m(A) := / t x ~ l e M {t)dt = \ t x G M (l/t)dt. 
Jo Jo 
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From Lemma 13.31 we have that the function m is well defined in {Re(A) > 0} and defines a 
continuous function in this set, and holomorphic in {Re(A) > 0}. Moreover, m(x) is positive 
real for every x > 0, so we can state the next 

Definition 3.5. Let M be a strongly regular sequence and let the function eju be constructed 
as in ([8]). The sequence of positive real numbers m = (rn(p)) pe f>j , is known as the sequence of 
moments associated to M (or to cm)- 

Proposition 3.6. Let M = (M p ) pG N be a strongly regular sequence and m = (m(p)) p ^ the 
sequence of moments associated to M . Then M and m are equivalent. 

Proof We recall that (m p ) p£ n is the sequence of quotients of M. Firstly, we prove the existence 
of positive constants C%, C2 such that 

(10) m(p) < CiC P M p , p G N . 

Let p G No- From Proposition 12 . 71 (i) . there exists k% > with 

m{p)< I t p h M (h/t)dt = / t p h M (h/t)dt+ / t p h M (h/t)dt. 

JO JO Jm v +i 

In the first integral we take into account that /im is bounded by 1, while in the second one we 
use the definition of Km- This yields 



m(p) < 



We have M p+ 2 = m p+ iM p+ i, and we may apply the property (pi) of M and (|3J) to obtain that 
i(p) < A 2 M P+1 + k p+2 M p+1 < {A d MiA p + AM 1 k 2 .A p k%)M p , 



m 



as desired. This concludes the first part of the proof. 

We will now show the existence of constants C3, C4 > such that m(p) > Cj,C\M p for every 
p G No- Let p G No- From Proposition 12.71 (i) . there exist k%, &2 > such that 

poo ffem p 

m(p) >h t p h M {k2/t)dt > Aii / t p h M {k 2 /t)dt. 



Since the map t h-> hM^^/t) decreases in (0, 00), we have that for every t 6 (0, femji 

h,M{ki/t) > h M (l/m p ) = — f , 

116I1CG 

m(p) > fci / t p — ^di = A* -2 ? 1 = fci-^ — m p M p . 

Jo m!p p + 1 mf p p + 1 

Now, m p M p = M p+ \ and p + 1 < 2 P for every p G No- By applying ([3]) we finally conclude that 

m(p) > fcife2Mi(fca/2) p Mp. 

□ 

Remark 3.7. In the Gevrey case of order a > 0, M a = (p! a )peN > we ma y choose 

e Ma (z) = -z 1/a eM-z 1/a ), z^S a . 
a 

Then we obtain that m a (X) = T(l + aX) for 3i(A) > 0. Of course, the sequences M a and 
m Q = (m a (p)) pl =fq are equivalent. 
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4 Right inverses for the asymptotic Borel map in ultraholomor- 
phic classes in sectors 

The proof of the incoming result follows the same lines as the original one in the Gevrey case 
(see [30], [3], |26, Thm. 4.1]). The only difficulty stems from the use of the kernel ejw, linked 
to a general sequence M and, to a certain extent, unknown, whereas the exponential function 
linked to the Gevrey case is very well-known. 

Theorem 4.1. Let M = (M p ) pg p} be a strongly regular sequence and let S = S(d, 5) be a sector 
with vertex at the origin and opening < 5 < ^(M). For every (a p ) p ^ G Am(No) there exists 
a function f G Am(S) such that f admits f = J2 P eN ^pJ zP as ^ s uniform asymptotic expansion 
in S$. 

Proof We may assume that d = without loss of generality, for the case d ^ only involves an 
adequate rotation. 

Let (a p ) pg N € Ajvr(No), and let m = (rn(p)) p£ ^ be the sequence of moments associated 
to M. There exist positive constants C\,A\ such that 

(11) \a p \ < dD^plMp, p G N . 

From Proposition 13.61 the series 

a p „p 
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plm(p) 



is convergent in a disc D(0,R) for some R > 0, and it defines a holomorphic function g there. 
Let < R < R. We define 

(12) f(z):= [ R ° e M (-)g(u) — , z G S s , 

Jo ^zJ u 

where the kernel cm is constructed as in ([8]). By virtue of Leibnitz's theorem on analyticity of 
parametric integrals and the definition of eM, f turns out to be a holomorphic function in Sg. 
Let us prove that / ~m / uniformly in Sg. 
Let N G N and z G Sg. We have 

7 p ^-i „ 7 p 

m -E a p- = /(*) - E -^f-Mp)- 

p=0 y p=0 yF > L 

Ro ,„ A ™ „.,. 7/ fc dm ^} n._ f°° , ?P 



f f u \ST^ a k u du s-^ a p f°° ! z p 

/ eM 7 77777 /, — rr / u e M {u)du— 

Jo \z/f—"m(k)kl u ^ n m(p)Jo pi 



k=0 v ' p=0 

After a change of variable v = zu in the second integral, by virtue of the estimate (|3.3p one may 
use Cauchy's residue theorem in order to check that 

' p-i t \a f°° p f v \ dv 
u F eM{u)du = / v y eM - — , 

Jo ^ zJ v 

which allows us to write the preceding difference as 

Ro f u \ a k u k du a p f°° „ /u\ du 1 

eM [- )Z^~ 77777 — 77 / ue M[-) r 

V z / ^ m[k) k\ u myp) Jq \zJup\ 



R ° V" ° fc uk du /u\ a p u p du 

7j 2^ 77w777777 ~ / eM ("J Z> 
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Then, we have 



where 



N-l 



f( z ) - a p~, 



h{z) 

f2(z) 



p=0 
Ro 



o 



<h(z) + f 2 (z), 
ak u k du 



E 



CM 



Ro 



zJ ^— ' m(k) k\ u 

k=N y ' 

u \ ^ a p u p du 
z) m(p) p\ u 



We now give suitable estimates for fi(z) and f2(z). From Proposition 13.61 there exist C2,D2 > 
(not depending on z) such that 

dD k k\M k 



(13) 

for all k 6 Nq. This yields 



a k 



< 



m(k)k\ m{k)k\ 



< C 2 Dl 



-Ro 



k=N 



h(z) <C 2 [ 
Jo 

Taking Rq < (1 — e)/D 2 for some e > if necessary, we get 

fl{z)<eC 2 D% [ 
Jo 

By a double application of (i) in Proposition 12.71 we derive 



, du 



2U 



Gm ( - 



fcaUl 



it 



fo\z\ 

> 

' k 2 u 



u N ~ l du. 



< tGm 



h\z\ 
k 2 u 



for some positive constants k\,k 2 ,k%. This yields 



(14) 



rRo 








lo 





u N ^du < 



1 

h 



poo 


U 


Gm ^ 


lo 


z 





1 

h jo 



G M ( ^) u N - l du 
1\ / k^\z\t\ N 1 k% 



z\dt 



N 



for some C^,D^ > 0. The conclusion for /i is achieved from Proposition 13.61 It only rests to 
estimate f 2 (z). We have u p < RqU N / Rq for u > Rq and < p < N — 1. So, according to (fT3|) . 
we may write 



AT-l 

E 



< 



E 



p=0 p=0 



m{p)p\ 

for some positive constants C^,D^. Then, we conclude 



N N-l 

< J2 C 1 D{C 2 D p 2 u p <^Y1 C^C^Rl < C 5 D, 

p=0 o p= o 



h(z) < C 5 D£ 

Jr, 



We come up to the end of the proof following similar estimates as in ([T 



poo 






6M (l) 


IRo 





□ 
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Remark 4.2. Given 5 with < 5 < 'j(M), choose <5i such that 5 < 5± < j(M) and put 
Si = S(d,5i). For A > and for every a = (a p ) pE ^ € Ajvr^No), we have the estimates (fTTj) 
with C\ = \o,\m,A and D\ = A. Since the previous result is valid in Si, we obtain a function 
/ € Am (Si) that admits / = ^ P eN ^pl zP as ^ s un if° rm asymptotic expansion in Si. Moreover, 
by taking into account in detail the way constants are modified in the course of the proof of 
Theorem l4.lt one observes that there exist constants C, D > 0, not depending on /, such that 
for every TV € Nq one has 



(15) 



N-l 



/(*) - E 



p=0 



p\ 



< (CCi)(DDi) N M N = C\a\ M A DA )" M N, z e Si- 



jV - 



According to Remark 12.21 there exists a constant c = c(S,Si) > such that the restriction to 
S of f belongs to Am,cDa(S), and moreover, from (fT5|) we get ||/||m,cZM,S < C|ci|m,a- So, we 
have re-proved the following theorem of V. Thilliez. 

Theorem 4.3. Under the hypotheses of Theorem \4-l\ there exists a positive constant c > 1 such 
that for any A > 0, the integral operator 



Tm,a ■ Am,a(No) — > Am,ca($s) 



defined in [W\) by 



Tm,a(cl = (a p )p & ] ) := I e M (u/z)( V 

Jo V p=o 



a p u p \ du 



m(p) p\ ) u 



is linear and continuous and it turns out to be a right inverse for the asymptotic Borel map B. 



5 An application to the several variable setting 

As an application of the previous result, we will obtain a different construction of continuous 
extension operators in Carleman ultraholomorphic classes in polysectors of 7Z n , obtained in [13] 
by the first and the third authors as a generalization of V. Thilliez's result (see [28, Thm. 3.2.1]). 
It is worth saying that the results in Section U] are also valid when the functions and sequences 
involved take their values in a complex Banach space B. This will be crucial in the ongoing 
section. 

Let n € N, n > 2, and fix a sequence M = (M p ) pe ^ of positive real numbers. For a 
polysector S in lZ n , the space Am(S,M) consists of the holomorphic functions f : S —> (B, ||-|| B ) 
such that there exists A > (depending on /) with 



(is) \\f\\ M ,A,s--= sup " <oo 



\D J f(z) 
AijlMj 



(the notations adopted in Subsection 12.11 are being applied). 

For fixed A > 0, Am,a(S,M) consists of the elements in Am(S,M) such that (fl"6j) holds, and 
the norm || • Hjy^^g makes it a Banach space. The space Ajvf, J 4(No 5 B) consists of the multi- 
sequences A = (Aj)j e ^n £ Nq such that 

|a|m ^ b:= S^t1| <00 ' 
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and (Ajvr,A(No, B), | • |m,a,b) is a Banach space. 

The elements in Am(S,M) admit strong asymptotic expansion in S as defined by H. Majima 
(see [HI US]), since this fact amounts, as shown by J. A. Hernandez [9], to having bounded 
derivatives in every subpolysector T <^ S. The following facts, stated here without proof, can 
be found in detail in the three previous references and in \10\ [T3] . The asymptotic information 
for such a function / is given by the family 

TA(/) = {f aj : + J C A/>j G ptf} , 

where for every nonempty subset J of M and every cxj G Nq , f aj is defined as 

f aj M= lim ^'^/(z), zj,€Sj,, 

the limit being uniform on Sji whenever J ^ M. This implies that f aj G Am(Sj',M) (we agree 
that Am(Sn> ,M) is meant to be B). 

Proposition 5.1 (Coherence conditions). Let f G Am(S,M) and 

TA(/) = {/ aj :^JC^ajG^}. 

Then, for every pair of nonempty disjoint subsets J and L of M, every aj G Nq and oll G Nq , 
we have 

(17) Hm D^'°^^f aj (z Jt ) = f {aj , aL) (z {JUL y); 

Zj_, r (J 

the limit is uniform in S'rjui)' whenever J U L ^ N '. 
Definition 5.2. We say a family 

T={f aj £A M (Sj,,M) JCM,aj G N5 7 } 
is coherent if it fulfills the conditions given in (|17|) . 

Definition 5.3. Let / G A(S, B). The /irsi order family associated to / is given by 
BlU) ■= {fm {]} e A M (S f ,M) : j G A/> G N } C TA(/). 

The first order family consists of the elements in the total family that depend on n — 1 
variables. For the sake of simplicity, we will write fj m instead of fm {j} , j £ A/", m G No- As it 
can be seen in Section 4], knowing B\{f) amounts to knowing TA(/), and moreover, B\{f) 
verifies what we call first order coherence conditions, emanating from the ones for TA(/). In 
fact, there is a bijective correspondence between the set of coherent families (see Definition 15. 2p 
and the one of coherent first order families 

T\ = {fjm G A M (Sf,M) : j G M,m G N } . 

Definition 5.4. Let Af = (M p ) pe ^ be a sequence that fulfills property (//) for a constant Ai, 
and let A > 0. We define 3m ^(5, B) as the set of coherent families of first order 

9 = {fjm G Aat^AAiC^v,!) : j £ M,m e N } 
such that for every j £ J\f we have 

<?j := (/jm)meN G Am,2AAi (Nq, Am,2AAi (Sji , B)) . 
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It is immediate to prove that, if we put 

vm,a(G) '■= SU P \ \Sj\M,2AA x ,A M 2AA,(S H ,,V) \ > Q s 5"m,a(5' ) b )> 

then (jjvf u m,a) is a Banach space. We may consider a generalized Borel map, say B\, 

sending any function in Am,a(S,^>) to its corresponding first order family. Then, one has 

Proposition 5.5 (|13j. Proposition 3.4). The map Bi : A M>A (S,M) ->• dM A (S,M) is well 
defined, linear and continuous. 

The main purpose of the current section is to obtain a continuous right inverse for the 
preceding operator. The procedure followed is similar to the one in [26] for Gevrey classes, and 
it is based on our new proof of Theorem 14.31 so overcoming the technical difficulties encountered 
in H3]. 

The first step in the proof consists of changing the problem into an equivalent one in terms 
of functions in one variable with values in an appropriate Banach space of functions. In order 
to do this, the following result is essential. Since the proof for a similar statement can be found 
in detail in |1Q|, Thm. 4.5], we omit it. 

Theorem 5.6. Let n,m £ N, M be a sequence of positive real numbers, B be a complex Banach 
space, A > and S and V be (poly) sectors in 7Z n and 1Z m , respectively. Then, we have: 

(i) If M fulfills (fi) and A\ is the constant involved in this property, then the map 

A ■ A m ,a(S xP)^ A m ,2AA 1 (S,A m ,2AA 1 {V,M)) 

sending each function f € Am,a($ x ^° ^ e function f* = ipi(f) given by 

(f*(z))(w) = f(z,w), (z,w)eSxV, 

is well defined, linear and continuous. Given f £ Am,a(^ x ^> b )> f or ewer?/ a £ Nq, 
(3 € Nq and (z,w) € S x V we have 

D^f(z,w) = D a (D<*f*(z))(w), 

and so 

|| fir uA M ,2AA 1 (Vfi) \\ f\\B 

\\J \\M,2AA 1 ,S ^ 11/ \\M,A,SxV ■ 

(ii) If M fulfills (cto), the map 

V>2 : Am, a (S,A m ,a(V,M)) — > A m ,a(S x V,B) 

given by 

fofe(/))(ti>,z) = (/(*)) (to), (z,w)eSxV, 

is well defined, linear and continuous. For f 6 Am A (S, Ama^Vi B ))' every a £ Ng, 
(3 € Nq 1 and (z,w) <E S xV we have 

(18) (Mf)) (*, w) = D? (£>«/(*)) («), 

and consequently 



\\Mf)CA.S,V<\\f\\M M Ai m 
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Before stating the main result in this section, we need some information about the asymptotic 
behaviour of the one-variable solution provided by Theorem 14.31 when it takes its values in a 
Banach space of the type Am,a(S,M). 

Let n > 1, A > 0, M = (M p ) pe ^ Q be a strongly regular sequence, S a polysector in 1Z n and 
< 5 < 'y(M). Suppose that for every p € No we are given a function f p £ Am,a(S,M) in such 
a way that / = (f p ) p eN ^ A~M,A (No, Am,a(S, B)). Let i?o be as in the proof of Theorem I4.ll 
By Theorem H3l we know that the function H* := Tm,a(S) '■ S$ — > Am,a(S,M), given by 



H*(w) 



f Ro ( 
/ e M (u/w)[2_. 



m(p) p\ ) u 



belongs to Am,c(8)a(Ss,Am,a(S,B,)), for suitable c(<5) > 1, and it admits Y^ p >o fp zP /P^ as 
uniform iW-asymptotic expansion in S^. Hence, the function H : S$ x 5 — > B given by H(w, z) = 
H*(w)(z), belongs, by Theorem 15.61 (ii), to Am,a{Ss x S'jB) and, for every a £ Nq, we have 



(19) 



rRo , 00 

D^H(w,z) = D a {H*{w))(z) = / e M (u/w)(Y] 



D a f p (z) vP\du 



m(p) p\ ) u 



The proof of the next Lemma, extremely lengthy and awkward when following the technique 
in [28 1, is now easy due to the new solution in integral form for Theorem! 



Lemma 5.7. Let S = Ylj^Sj. If for every m,p € Nq and j € TV, we have 



(20) 



lim D mej f p (z) = uniformly on S 



then, for every m € Nq and j € AT one has 



lim D^°' me ^H(w,z) = uniformly on Ss x Sj> 



Proof By (fT9|) we have 



fRo , 00 

Z?(°> me ^ii>,z) = / e M («/t») J2 



D me if p (z)uP\du 



m(p) pi J u 



Given e > 0, there exists po £ No such that, for every p > pq, every z € S and every u € [0, Rq], 
one has 

D me if p (z)uP 



E 

P=P0 



m(p) p! 



< e. 



From (|20p . there exists M > such that whenever z — (zi, ...,z n ) e S and Zj G SjnD(Q,M) 
we have 

l^^)l<^f, p = 0,...,p o -l. 

PO^o 

Hence, for every z€5 with S Sj fl -D(0, M) and every w € S5 we have 



/•-KO , 1 ™ J 

D (0,rne j)H{WjZ) < / | eM ( u /^)|( V 



D me if p {z)vP 



< 2e 



Ro 



\e M (u/w)\ 



p=0 

du 
u 



m(jp) pi 

fOO 1 



+ E 



D me if p (z) U P 



p=po 



m{p) pi 



\ du 



2e 







|G , M('^/'u)|(in. 
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We will be done if the last integral is uniformly bounded in S$- In the following estimates we 
use Proposition 12.71 (i) . the fact that Km is bounded above by 1, and the very definition of Hm' 

/■oo 2 r\ w \ ~y /*oo 

/ i — :\G m (w / u)\du = / | — -du + / - — -hM{k?,\w\/u)du 
Jo M Jo \w\ J\ w \ \w\ 

f 00 1 \w\ 2 

J\ w \ M u 2 



□ 



We now state our extension result. The proof is partially included, for it follows similar steps 
as in Theorem 3.4 in [25] , or Theorem 3.6 in [13J. 

Theorem 5.8. Let M = (M p ) p ^ be a strongly regular sequence and S = (S±, ...,S n ) € (0,oo) n 
with 5j < j(M) for j € M . Then, there exists a constant c = c(M,S) > 1, a constant 
C = C(M,8) > 0, and for every A > 0, a linear operator 

Um,a,s ■ $m,a(Ss) — > -A.m,ca{S$) 
such that, for every Q G A (Ss) we have 

®l {Um,A,s{Q)) = Q and \\Um,a,s{G)\\ m>cA>Ss < Cv m ,a{G)- 

Proof Suppose M verifies (/u) for a constant A\ > 0. Let 

Q = {fjm € AM,2AAi(S Sjt ) ■ j € Af,m € N } G $m, a (S S ). 

The proof is divided into n steps, in such a way that in the k-th step we will obtain a function 
whose first order family contains the first k sequences (/jm)meN ) with j < k. We will only 
detail the first two steps. 

Since Q\ := {/i m } £ ^m.2AA x (No^m^aAiCS^,)), the vector-valued version of Theorem l4.3l 
provides constants c\ > 1, C\ > and a linear continuous operator 

Tm,2AA!,5± ■ A-M,2AA 1 (No,-A-M,2AA 1 (Sd 1 ,)) > Am,c 1 2AA 1 {Ss 1 , Am,2AA 1 (Ss i ,)) 

such that, if we put H^* := Tm,2AAi,<5i (Gi), then 



n-[l]* $ lm rn i || tr [l]*,,- 4 M,2AA 1 (S'a ,) 

^1 2_^ —^ z l and 11^1 HiWf,ci2AAi,S 4l ^ °1 1 yi\M,2AA 1 ,A M ,2AA 1 (S^,)" 



m=0 

Since 

■Am ; c 1 2AA 1 (S5 1 ,Am,2AA 1 (Ss i ,)) ^ Am",ci2AAi (<5<5i , Am, C1 2AA± (Ss if )) 

(with the correspondent inequality for the norms), by Theorem l5.6[ (?i) we know that the function 
ffW : S s ->• C given by 

:= z = ( Zl ,z v ) G 5 5 , 

belongs to Am,c 1 2AA 1 (Ss) and, moreover, 



wWii <r II i 7 W*||' HM ' 2AA i^i^ 
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Let Bi(H^) = {h^ : j G A/",m G N }. For every z v G S 1 ^, we have, by virtue of (JT5]). 
*™ = lim D^ffMfz) = lim (fl} 1 !*)^)^)^) = /i™^)- 

zi— MJjZiGcJij zi— ^UjZiGi^j 

This concludes the first step of the proof. Let H^* be the function given by 

H^*(z 2 )(z 2l ) := hW(z 2 ,z 2 ,), z 2 G S S2 , z 2 , G S 8 „. 
From Theorem 15.61 (i). we have 

,c 1 (2A 1 ) 2 a{S6 2 ,Am,c 1 (2A 1 ) 2 a(Ss 2 ,))- 

We put 



00 

ttI 1 ]* \ " U 2m _7? 

#2 ~M > j-2 2 

z — / ml 



m! 

m=0 



and, for the sake of brevity, B 2 := Am,c 1 (2A 1 ) 2 a(^s 2 , )• As ffM G Am.c^AiA^), Proposition 15 .5 
tells us that 

(^2m)roeN G A MiCi (2A 1 ) 2 a(^0, B 2 ), 

and Definition 15.41 implies 



(?2 := (/2m)m€N G Am,2AiA(Nq, •Am^AiA^,/ ))■ 



So, (/ 2m - 4rL)m6N G A MiCl ( 2Al)2A (N , B 2 ) . By Theorem 031 we have c 2 > 1, C 2 > and a 
linear continuous operator 

T M,c 1 (2A 1 ) 2 A,S 2 : Am,ci(2Ai) 2 a(No,B2) > A M ^ C2Cl ( 2Al )2 A {Ss 2 , B 2 ) 

such that, if we define 

H^* := T Mci ( 2Al y A ^ 2 ((f 2m - /i 2 m)meN ), 

then 

(21) # 2 ~M 2^ Z 2 

m=0 



and 



\H. 



[2]*|iB 2 s n.\(t uW 



(2A 1 ) 2 A,S 5 - ^2 1 (/2m ~ ^ 2m )meN Im,ci(2Ai) 2 , 



l 2 llM,c 2 ci( 

Since 

•^M,c 2 ci(2Ai) 2 a(»S'52>B2) Q A MiC2C1 ^A 1 ) 2 a(Ss 2 ,A. MiC2Ci ( 2Ai )2 A (Ss 2I )), 

[21* 

i?2 belongs to the second of these spaces, and Theorem 15.61 (ii) ensures that the function 
:S S ^C given by 

H®(z) := Hf\z 2 ){z 2 ,\ z = (z 2 ,z 2 ,) G S s , 
belongs to A M ^ C2Cl{2Al) 2 A {S 5 ) and 

\\tt[2]\\ < ||rr[2]*||B 2 

\\ n llM,c 2 ci(2Ai) 2 A,5 5 ^ \\ n 2 \\m,c 2 c 1 (2A 1 ) 2 A,S s - 
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We write Bi{H^) = {hf m : j G A/", m G No}. For j = 1, due to the coherence conditions for the 



families Q and we have for all m, k G N, 



o, 



lim J D mei (/ 2fc -4 1 i)(^)= D k ^(f lm -h[l)(z v ) = 0, 

uniformly in . So, we can apply Lemma 15771 to guarantee that for every m G No, we have 

lim (H [ 2 ] *) {m) ( Zl )(z v ) = uniformly in S 6 „ 

and consequently, by (fT8|) we deduce that for every 21/ G 5$ , , 

hf m (z v )= lim J D me ^[ 2 ](z 1 ,z 1 0= lim (frf 1 ) (m) (*i)(*iO = 0. 

On the other hand, taking (|2ip into account, for every z 2 i G 5,52, we have 
41(*2') = lim D me2 tf[ 2 ](z 2 ,z 2 ,) 



22->'0,22GS , 5 2 



lim (H [ ^ m Hz 2 )(z 2 ,) = (f 2m - h[l)(z 2 ,). 

Z2^0,Z2£bs 9 



°2 



In conclusion, the function := + belongs to Am, c 2 ci(2 A^Ai^s) and, if we put 

Bi(F [2] ) = {ffi :jeM,me N }, for every m G N we have /{J = / lm , = f 2m , and the 
second step is completed. We are done if n = 2, otherwise we may repeat the previous argument 
until the family Q is completely interpolated. □ 



6 On M— summability 

In this last section we provide some keys leading to a suitable definition of summability in general 
ultraholomorphic classes. First, we need to introduce some formal and analytic transforms. 

6.1 Formal and analytic M— Laplace operators 

The next definition resembles that of functions of exponential growth, playing a fundamental 
role when dealing with Laplace and Borel transforms in summability for Gevrey classes. For 
convenience, we will say a holomorphic function / in a sector S is continuous at the origin if 
lim z _^o, zeT f{z) exists for every T <^ S. 

Definition 6.1. Let M = (M p ) pe ^ be a strongly regular sequence, and consider a sector S 
in 1Z. The set A^ M \S) consists of the holomorphic functions / in S, continuous at and such 
that for every unbounded proper subsector T of S there exist r,ki,k^ > such that for every 
z € T with \z\ > r one has 

<22) 1/(2)1 K - dbir 



Remark 6.2. Since continuity at has been asked for, / € AS M '(S) implies that for every 
T -< S there exist k^,k^ > such that for every z G T one has (l22|) . 
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We are ready for the introduction of the M— Laplace transform. 

Definition 6.3. Let S = S(d,a), f G A {M) (S), r G R with \t - d\ < af and < 5 < 7(M). 
Consider the function eM defined in ([8]). We define the M— Laplace transform of f in direction 
t as 

°°W /UN d« 
CM - /(U) , 



(£m/) (*) == 

for every z £ 1Z with |z[ small enough and with |arg(z) — r| < 5^, and where the integral is 
taken along the path parameterized by t G (0, oo) i— > ie* T . 

Proposition 6.4. Under the hypotheses of the preceding definition, C T M f{z) is well-defined and 
it turns out to be a holomorphic function. Moreover, {£> M f} T /\ T —d\<a-K /i defines a holomorphic 
function £.Mf in a sectorial region G(d,a + 5). 

Proof For every u, z G 1Z with arg(u) = r and |arg(z) — r| < 55 we have that u/z G S$ and 



-e M (-) f(u) 
u \zJ 



1 

< — 

\u\ 



Gm ( — 

u 



the previous expression can be upper bounded 



for some positive constants ^3,^4,^5. From ( 
by 

fc 4 ^(p(2)fc 3 |z|/|n|) 
\z\ h M (h/\u\) 

If we assume \z\ < L := k§ / {p{2)kz) , from the monotonicity of /im we derive 



?/ 



1 

u \z 



/(«) 



The right part of the last inequality is an integrable function of \u\ in (0, 00), and Leibnitz's 
rule for parametric integrals allows us to conclude the first part of the proof. Let a G R with 
\a — d\ < a^. The map C M f is a holomorphic function in 



-7T 



{z £ 1Z : |arg(z) — a\ < 6—, \z\ small}. 



Since we know that 



lim \u\hi\i ( t-^t 

\u\—> 00 



0. 



by Cauchy's residue theorem we easily deduce that C M f(z) = C M f{z) whenever both maps 
are defined. Thus we can extend C r M f to a function, £m/i holomorphic in a sectorial region 
G(d,a + 5). □ 

Let M = (Mp) pG p} be a strongly regular sequence and S = S(Q, a). It is clear that for every 
A G C with Re(A) > 0, the function f\(z) = z x belongs to the space A( M) (S). From Proposi- 
tion [631 one can define CMf\( z ) for every z in an appropriate sectorial region G. Moreover, for 
z G G and an adequate choice of r G R one has 

«oo(t) 



eM 



In particular, for z G 1Z with arg(z) = r, the change of variable u/z = t turns the preceding 
integral into 



eMityz^H^zdt = m(X)z A . 



Therefore, it is adequate to make the following definitions. 
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Definition 6.5. Given a strongly regular sequence M, the formal M— Laplace transform Cm '■ 
C[[z}} -> C[[z]] is given by 



oo \ oo 



yZ a P zP := ^2 m (p) a P zP , ^2 a P zP e c [[ z }}- 

\p=0 J p=0 p=0 

Accordingly, we define the formal M— Borel transform B : C[[z]] — > C[[z]] by 

(oo \ oo oo 

p=0 J p=0 w p=0 

The operators Bm and £jvf are inverse to each other. 

6.2 Results on quasi-analyticity in ultraholomorphic classes 

We restrict our attention to the one- variable case, although the next results are available also 
for functions of several variables (see [12]). First, quasi-analytic Carleman classes are defined. 

Definition 6.6. Let S be a sector in 1Z. We say that Am(S) is quasi- analytic if the conditions: 

(i) / e A M (S), and 

(ii) £>(/) is the null sequence (or / admits the null series as asymptotic expansion in S), 

together imply that / is the null function in S. 

Characterizations of quasi-analyticity are available for general sequences M in [T2], but we 
will focus on the case of strongly regular sequences, in which the following version of Watson's 
lemma may be obtained. 

Theorem 6.7 ([12j. Thm. 4.10). Let M be strongly regular and let us suppose that 



(23) £ 



M„ \1/7(M) 



OO. 



„ M n+1 

n=0 

Let 7 £ (0, oo). The following statements are equivalent: 

(i) 7 > 7 (M). 

(ii) The class Am(S^) is quasi-analytic. 

Remark 6.8. The proof of the implication (ii)=>(i) does not need to assume (|23j) . However, it 
is an open problem to decide whether the condition 7 > j(M) implies Am{S^) is quasi-analytic 
without the additional assumption (|23p . which is indeed satisfied by Gevrey sequences. 

6.3 A concept of M— summability in a direction 

We finally put forward a definition of summability adapted to these general situation. 
Definition 6.9. Let M be strongly regular sequence verifying condition (|23p , A formal power 

fn 

series / = y"L> n — 7Z n is M—summable in direction d G R if the following conditions hold: 
— n\ 
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(i) (/n)neN ^ Ajvf , so that g := converges in a disc, and 

(ii) g admits analytic continuation in a sector S = S(d,e) for suitable e > 0, and g € ^^ M ^(5). 

fn 

Proposition 6.10. Let f = Xm>o — \ %U ^ e M—summable in direction d £ R. Then, there exists 

a sectorial region G(d,(3), with (3 > j(M), and a function f £ ,4m (G(d, /?)) suc/i i/iai / ~m / 
in G(d,p). 

Proof For g as in the previous definition, choose 5 > such that 5 < 'y(M) < 5+e, and consider 
the functions Gm and eM defined in Sg- We will see that / := Cm9 solves the problem. Indeed, 
by Proposition 16. 41 we know that Cm 9 is a holomorphic function in a sectorial region G(d, (5 + e), 
so that the first part of the claim is proved. In what follows we study the asymptotic behaviour 
of /. Suppose g converges in the disc -D(0, R), and take < Ro < R. For r £ R with \t — d\ < 
and z £ TZ with \z\ small enough and |arg(z) — r| < 5^, we have 

/UN du /UN /UN du 

f{z)= e M {-)g{u) — =/ e M - # r- / e M - # — • 

Repeating the arguments in the proof of Theorem 14.11 we may similarly get that 



L 



Ro{t) fu\ , .du 

eM - g{u) — ~m J 



u, 



uniformly for z as specified. On the other hand, since g £ A^ M '(S), there exist k±, k$ > such 
that ^ 

19{U)1 ~ h M {h/\u\) 

for every u with arg(u) = r. Taking into account the definition of eM and Proposition 12.71 (i) . 
there exists k 3 > such that, for z as before, 



(24) 



r°°( T ) /u\ du f°° I & 4 
jRoei-r \zJ u J Ro \z\ h M {k 5 /u) 



Now, we apply ([B]) for s = 2, and observe that, since /im is non-decreasing, whenever \z\ < 
kb/(k3p(2)) one has 

rox\ h M (h\z\/u) h 2 M {k 3 p{2)\z\/u) ro\\\f\ 

25 v y < — — — <h M [k 3 p{2)\z\u). 

h M {k b /u) h M (k 5 /u) 

By Proposition 12.71 (i) . there exist k±,k2 > such that 
(26) MM2)|*|/«) < t~(* M ^ ' ' 



Also, for u > Ro and every n £ No we have 1 < (u/Ro) n . So, gathering ([25]) and ([26]) . the right 
hand side in (f2"4"|) may be bounded above by 

(27) *. /v^^w *• fhemy» rr aMm * 

Ro\z\h Jro V k 2 u J Ro\z\ki V k 2 ) Jo 



k A k 3 p{2) ( k 3 p(2) Y 
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Since m and M are equivalent, from (|2"7|) we deduce that 

r° (r) fu\ , s du 

uniformly in A,- = {z € 7£ : |z| < ^5/(^3/9(2)), [arg(z) — r| < <5^} (where is the null formal 
power series). Since any T <C G(d, 5+e) of small radius may be covered by finitely many sets A T , 
the conclusion that / ~m / in G(d, 5 + e) is reached. 

□ 

Remark 6.11. In the situation of the previous result, by Theorem l6.7l we deduce that / is unique 
with the property that / ~m / in G(d,(3), and it is called the M—sum of f in direction d. 

The properties of this concept are currently under study, as well as its application to the 
study of solutions of different types of algebraic and differential equations in the complex domain 
with coefficients in general ultraholomorphic classes. 
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